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Abstract
In this paper, we investigate the fluid/gravity correspondence in the framework of massive Ein-
stein gravity. Treating the gravitational mass terms as an effective energy-momentum tensor and
utilizing the Petrov-like boundary condition on a timelike hypersurface, we find that the per-
turbation effects of massive gravity in bulk can be completely governed by the incompressible
Navier-Stokes equation living on the cutoff surface under the near horizon and nonrelativistic lim-
its. Furthermore, we have concisely computed the ratio of dynamical viscosity to entropy density for
two massive Einstein gravity theories, and found that they still saturate the Kovtun-Son-Starinets
(KSS) bound.
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I. INTRODUCTION
Recently, in the context of the AdS/CFT correspondence [1–4], the fluid/gravity dual-
ity becomes one of most interesting topics rooted in the observation by Damour that the
gravitational perturbation behavior of the black hole horizon was very close to those of a
fluid [5]. As a result, the hydrodynamical behavior of gravity has been heavily investigated
and a great many of works have been made [6–56]. In particular, recent developments on
fluid/gravity duality in the context of AdS/CFT framework have shed more insightful light
on their relationships.
Specifically, in the hydrodynamical limit, the method [15, 18–23] of directly perturbing
metric in bulk was proposed to construct the dual fluid equation living on the timelike
hypersurface, in which the regularity on the horizon and the Dirichlet boundary condition
on the surface were imposed. Furthermore, the authors of [18] have shown that the per-
turbation solution of gravity in long wavelength limit satisfies the Petrov-like boundary
condition, and they have found that in the fluid/gravity duality the near-horizon expansion
was mathematically equivalent to the long wavelength expansion.
Very remarkably, indeed an alternative approach in [24] was proposed to construct the
fluid/gravity duality in Rindler spacetime via imposing the Petrov-like condition on the
cutoff surface. It has been shown that, under the near horizon limit and the nonrelativistic
limit, embedding a hypersurface Σc into a Rindler spacetime, the gravitational fluctuation
can reduce exactly to the incompressible Navier-Stokes equation moving on the cutoff surface
with one lower dimension. More specifically, in this strategy, keeping the induced metric
fixed and treating the extrinsic curvature as a fundamental variable, the Petrov-like condition
on hypersurface exactly reduces the degrees of freedom of the extrinsic curvature to those of
dual fluid. Finally, with the use of “momentum constraint” and “Hamiltonian constraint,”
those unconstrained variables can give exactly rise to the incompressible Navier-Strokes
equation. Recently, since the method of constructing dual fluid by a Petrov-like condition is
very elegant and powerful, it has been further developed in [25–39]. In particular, it has been
even applied to effectively describe the hydrodynamical behavior of gravity with spatially
curved spacetime [25–29].
On the other hand, in the context of AdS/CFT correspondence, there have been many
applications for massive gravity theories [57–67] that arose from the dRGT theory [68].
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Because of translation invariance violated in these theories, this provides a momentum dis-
sipation effect which is equivalent to the one of the lattice model or momentum relaxation
to describe and understand many physical quantities by holographic dual in the condensed
matter theory (CMT), such as the resistivity in CMT, finite direct current (DC) conductiv-
ity, thermoelectric conductivity, Hall angle, and so on.
Very recently, there have been some discussions on the dual hydrodynamical behavior in
massive gravity theory, where the transport coefficients have been evaluated in literature
[61, 65–67]. Nevertheless, one still knows little information about the connection between
the massive gravity and the dual fluid dynamics. Naturally, there is an interesting problem
to ask whether such violating behavior in massive gravity influences its dual fluid dynamical
behavior or not. A complete resolution to this problem is still absent so far.
In this paper, our goal is to establish the dual relationship between the pure massive
Einstein gravity and the nonlinear Navier-Stokes equation in the framework with the Petrov-
like boundary constraint. It turns out that the near horizon perturbation behavior of the
massive gravity can be governed completely by the incompressible Naiver-Stokes equation
residing on embedded hypersurface with one lower dimension through imposing a Petrov-like
boundary condition on the cutoff surface in the nonrelativistic limit and the near horizon
limit. Furthermore, in such boundary condition, the kinematic viscosity value in the dual
fluid equations implies that the ratio of η
s
still saturates the Kovtun-Son-Starinets (KSS)
bound [69].
The rest of our paper is organized as follows. In Sec. II we briefly recall some important
ingredients to study the fluid/gravity duality in the Petrov-like framework. In Secs. III and
IV imposing Petrov-like boundary condition in the nonrelativistic limit and the near horizon
limit, we will in detail derive the corresponding incompressible Navier-Strokes equations
moving on a spatially flat hypersurface from the pure massive gravity theories, respectively,
and discuss the behavior of η
s
in these models. In the last section we will give our summary
and some discussions.
II. SOME USEFUL FORMULAS
Before we study the dual relation between the massive gravity and the nonlinear Navier-
Stokes equation, we would like to recall some important ingredients, pioneered in [24–26],
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as the roles of bridge on the fluid/gravity duality. First of all, we naturally require that a
p+2 dimensional manifold with a cosmological constant Λ and an energy momentum tensor
Tµν should be described by the Einstein theory:
Gµν = −Λgµν + Tµν , µ, ν = 0, . . ., p+ 1, (1)
where gµν is a metric of the p + 2 dimensional spacetime. Second, in order to extract the
hydrodynamical behavior dual to the gravity in the p + 2 dimensional bulk space, we need
to embed a timelike hypersurface Σc with an induced metric γab into this bulk space, where
its extrinsic curvature Kab should satisfy the momentum constraint
Da(Kab − γabK) = Tµbnµ, (2)
as well as the Hamiltonian constraint
p+1R +KabK
ab −K2 − 2Λ = −2Tµνnµnν , (3)
where Da is compatible with the induced metric on Σc, namely Daγbc = 0, K is the trace of
extrinsic curvature and nµ is the unit normal to Σc. It is worth noting that the Hamiltonian
constraint becomes an equation of state relating the energy density with the pressure in dual
fluid on cutoff surface, while the momentum constraint gives rise to the dynamical equation
of the dual fluid.
For the method imposing Petrov-like condition on this cutoff surface, its framework has
been specifically constructed in previous literature [24–26]. And the Petrov-like condition
on the cutoff surface Σc is defined as
C(ℓ)i(ℓ)j = ℓ
µmi
νℓαmj
βCµναβ = 0 (4)
where the corresponding p + 2 Newman-Penrose-like vector fields in Eq.(4) satisfy the fol-
lowing relations
ℓ2 = k2 = 0, (k, ℓ) = 1, (k,mi) = (ℓ,mi) = 0, (m
i, mj) = δ
i
j. (5)
The realization from Einstein gravity to the Navier-Stokes equation by the method of im-
posing the Petrov-like condition can be understood by counting the degrees of freedom of
the extrinsic curvature Kab on hypersurface. The Petrov-like boundary condition provides
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p(p+1)
2
− 1 constraints on the extrinsic curvature to reduce its (p+1)(p+2)
2
independent compo-
nents to p + 2 unconstrained variables which are identified as the energy density, pressure
and p velocity fields in dual fluid. In this sense, the Petrov-like condition plays a holographic
role on the hydrodynamical behavior of gravity. In the following two sections, based on the
framework, we will take two pure massive Einstein gravity models as examples and in details
construct the fluid/gravity duality in these models.
III. DUAL FLUID IN THE SIMPLEST MASSIVE GRAVITY
In this section, taking the simplest massive theory as an example, we demonstrate how it
gives rise to the Navier-Stokes equation in the Petrov-like framework, which can be useful for
us to further understand the fluid/gravity duality. To do this, we consider a 4-dimensional
massive Einstein-Hilbert action with a surface term and a massive term m2α1trK [57, 67],
which is written as
S =
∫
d4x
√−g[ 1
2κ2
(R +
6
L2
) +
m2
κ2
α1trK]− 1
κ2
∫
d3x
√−γK (6)
where α1 is a negative constant, and Kµν =
√
gµαfαν . This massive gravity model couples
the metric tensor gµν to a fixed reference metric fµν , giving a mass m to gµν and breaking
diffeomorphism invariance. The reference metric is chosen to be fµν = diag(0, 0, 1, 1), which
breaks the translational symmetry along two spatial directions. And K is the trace of the
extrinsic curvature on a timelike hypersurface Σc with the induced metric γab. Here and
henceforth, we will set the cosmological scale as L = 1. One can obtain the equation of
motion for the massive gravity by varying the above action with respect to the metric,
Gµν = 3gµν −m2α1(Kµν − trKgµν). (7)
Here we have used Λ = −3 and take κ2 ≡ 8πG = 1. Comparing Eqs.(1) and (7), on
mathematical form, we can take the mass term on the right side of Eq.(7) to define an
effective energy-momentum tensor,
Tµν = −m2α1(Kµν − gµνtrK). (8)
Note that this tensor of the massive gravity theory differing from the usual energy-
momentum tensor is completely determined by the bulk metric.
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To investigate the dual hydrodynamical behavior in this model, we assume that the
background geometry has the following form in the Eddington-Finkelstin coordinates,
ds24 = −r2f(r)dt2 + 2dtdr + r2δijdxidxj, i, j = 1, 2. (9)
According to this metric ansatz, we can solve the equation of motion in (7) and find that
the action (6) admits the background solution, 1 which turns out to be
f(r) = 1− r
3
h
r3
+
m2α1
r
(1− r
2
h
r2
). (10)
Here we have denoted the position of the black brane horizon as rh with f(rh) = 0. Since
the dual fluid moves on the one less dimensional timelike hypersurface, now we must embed
such a surface into the bulk space by localizing the position of the hypersurface, namely
r = rc, outside the horizon. If we define a function as U(r) ≡ r2f(r), then the induced
metric on the cufoff surface can be expressed as
ds23 = −U(rc)dt2 + r2cδijdxidxj
= −(dx0)2 + r2cδijdxidxj (11)
where x0 =
√
U(rc)t ≡
√
Uct. It is very evident that the embedded hypersurface is intrin-
sically flat. To present the nonrelativistic hydrodynamical behavior of the massive gravity
model, we need to introduce a parameter λ to redefine a new time coordinate with τ = λx0,
such that the induced metric can be rewritten as
ds23 = −
dτ 2
λ2
+ r2cδijdx
idxj . (12)
Moreover, we also identify the parameter λ with the location of the hypersurface by setting
rc − rh = β2λ2, such that taking λ → 0 means that the near horizon limit is also achieved.
Here we would like to emphasize that when λ → 0, the mean curvature of hypersurface
diverges, which is viewed as the large mean curvature in [24]. This means that the hyper-
surface Σc is highly accelerated. So far, the parameter λ has linked the nonrelativistic limit
and the near horizon limit; hence taking λ→ 0 implies that both the near horizon limit and
the nonrelativistic limit are implemented simultaneously. The behavior of simultaneously
taking these limits is a key step to derive the constitutive relation in the dual fluid.
1 When α1 → 0, the background geometry reduces exactly to the black brane solution in [26].
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Next we are going to consider the behaviors of the extrinsic geometry. In the coordinate
(τ, xi), the background components of extrinsic curvature can be explicitly defined on the
timelike hypersurface Σc,
Kτ(B)τ =
U ′c
2
√
Uc
Kτ(B)i = 0
Ki(B)j =
√
Uc
rc
δij
K(B) =
U ′c
2
√
Uc
+
2
√
Uc
rc
(13)
where the prime denotes derivative with respect to r. In order to conveniently extract the
information of the dual fluid, we need to define the Brown-York tensors in terms of the
extrinsic curvatures [70],
tab = δ
a
bK −Kab. (14)
Here we would like to stress that the mass term in (6) for the massive Einstein gravity does
not change the Brown-York tensor on the hypersurface at the near horizon. Thus, in this
case, the tensor in (14) is still valid. With Eqs.(13) and (14), considering the perturbation
of Brown-York tensor and the near horizon expansion of its background part in powers of
λ, we come to the following relations:
tτ τ =
2
√
U ′h
rh
βλ+ λtτ(1)τ + . . .
tτ i = 0 + λt
τ(1)
i + . . .
tij = (
√
U ′h
2βλ
+
3U ′′h
8
√
U ′h
βλ+
√
U ′h
rh
βλ)δij + λt
i(1)
j + . . .
t = 2(
√
U ′h
2βλ
+
3U ′′h
8
√
U ′h
βλ+
2
√
U ′h
rh
βλ) + λt(1) + . . . (15)
So far, we have the behaviors of the Brown-York tensor in the near horizon and nonrelativistic
limits. In the following, with the relations in (15), we wish to find out the dual fluid relation
to the massive gravity theory in these limits. To do this, we first evaluate the Hamiltonian
constraint on the hypersurface in order to give out the equation of state in the dual fluid.
Specifically, we represent this constraint in (3) in terms of the Brown-York tensors, which
turns out to be
tτ τ t
τ
τ − 2
λ2
γijtτ it
τ
j − 2( t
2
)2 + tj it
i
j + 6 = −4α1
rc
m2. (16)
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Here we have used the relevant results (43) and (44) in Appendix A. With the relations in
(15), Eq.(16) immediately implies that the leading term at the order of 1
λ2
automatically
vanishes, and the first nontrivial term at the order of λ0 has the following form
tτ(1)τ = −2γ(0)ijtτ(1)itτ(1)j . (17)
This is just the equation of state in dual fluid in the near horizon limit and nonrelativistic
limit. Note that i, j indices are raised and lowered with γ
(0)
ij ≡ γ(rh)ij.
Now we turn to the Petrov-like boundary condition. Substituting Eq.(14) into Eq.(4),
this boundary condition can be rewritten as
2
λ2
γkitτ it
τ
j + (
t
2
)2δkj − tτ τ (
t
2
)δkj + t
τ
τ t
k
j + 2λ∂τ (
t
2
δkj − tkj)
−γ
ki
λ
(∂it
τ
j + ∂jt
τ
i)− tkntnj + Bkj = 0, (18)
where
Bkj = −1
2
δkj(T00 − 2T0αnα + Tαβnαnβ) + γkiγiαγjβRαβ . (19)
After performing a detailed calculation in Appendix A, the first term of Bkj at the order of
λ0 turns out to be,
Bk(0)j = −(2α1
rh
m2 + 3)δkj . (20)
Putting Eqs.(15) and (20) into (18), one easily checks that the leading term at the order of
1
λ2
automatically meets the Petrov-like condition
U ′h
4β2λ2
δkj −
U ′h
4β2λ2
δkj = 0, (21)
and the first nontrivial constitutive relation can be encountered at the order of λ0,
tk(1)j = 2γ
(0)kitτ(1)it
τ(1)
j − γ(0)ki(∂itτ(1)j + ∂jtτ(1)i) + t
(1)
2
δkj . (22)
For the relations (17) and (22) we have set
√
U ′
h
β
= 1. Until now we have obtained the
nontrivial relations from the Petrov-like boundary condition as well.
Finally, we come to the the momentum constraint and represent the momentum constraint
(2) in terms of the Brown-York tensors in a compact form
∂at
a
b = −Tbµnµ. (23)
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As a result, using the data in both Appendix A and Appendix C, when b = τ , the momen-
tum constraint with 1
λ
in the dual holographic fluid would turn out to be the incompressible
condition
∂it
τi(1) = 0. (24)
When b = j, the momentum constraint at the order of λ1 gives rise to
∂τυj + υ
k∂kυj − ∂2υj + ∂jP = 0. (25)
This is precisely the incompressible Navier-Stokes equation moving on the cutoff surface.
Here we have identified tτ(1)i, and t
(1) with the velocity fields and pressure of dual fluid,
respectively. They exactly have the following forms,
tτ(1)i =
1
2
υi, t
(1) = P. (26)
The above Eq.(25) implies that the kinematic shear viscosity is ν = 1. In particular, the
ratio of dynamical viscosity to entropy density is
η
s
=
νρ
s
=
1
2
1
4G
= 2G =
1
4π
. (27)
This directly shows that the ratio of dynamical viscosity to entropy density still satisfies the
KSS bound[69]. Here we have used 8πG = 1, and the entropy density s = 1
4G
in [20]. There
are two interesting results in this model. One is that in spite of taking the gravitational
mass term into account, the dual fluid is still the standard incompressible Navier-Stokes
equation without the external force term in the near horizon limit. According to the result
in Appendix C, the perturbation behavior of the gravitational mass term becomes a high
order effect in the holographic dual. The other is that the rate of η
s
does not violate the
KSS bound. Our result for the rate of η
s
is more like that considered in [50, 51, 65], where
it is always 1
4π
.
IV. THE DUAL FLUID IN THE GENERAL MASSIVE GRAVITY
In this section, we would like to consider its gravitational fluid behavior for a more general
pure massive Einstein gravity theory in a parallel way in order to compare with those in the
last model. Now let us write out the four dimension action with a surface term and general
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gravitational mass terms for the model [57],
S =
∫
d4x
√−g[ 1
2κ2
(R − 2Λ) + m
2
κ2
(α1u1 + α2u2)]−
1
κ2
∫
d3x
√−γK. (28)
where
u1 = trK, (29)
u2 = (trK)2 − tr(K2), (30)
and α1, α2 are negative constants. Varying the action in (28) with respect to metric field
gµν , the equations of motion turns out to be
Rµν − 1
2
Rgµν − 3gµν = −m2α1(Kµν − trKgµν)−m2α2[2(trK)Kµν − 2KµαKαν ]
+m2α2gµν [((trK)2 − tr(K2))]. (31)
The corresponding effective energy momentum tensor can be defined by
Tµν = −m2α1(Kµν − trKgµν)−m2α2[2(trK)Kµν − 2KµαKαν − gµν((trK)2 − tr(K2))]. (32)
And we assume that the gravitational solution which follows from (28) still has a following
form:
ds24 = −U(r)dt2 + 2dtdr + r2δijdxidxj , i, j = 1, 2, (33)
where U(r) = r2f(r). The solution is determined via solving the equations of motion,
U(r) = r2[1− r
3
h
r3
+m2(
α1
r
+
2α2
r2
)−m2 r
3
h
r3
(
α1
rh
+
2α2
r2h
)]. (34)
Similarly, To construct the fluid/gravity duality, we still need to introduce the cutoff surface
with the induced metric,
ds23 = −U(rc)dt2 + r2cδijdxidxj
= −(dx0)2 + r2cδijdxidxj
= −dτ
2
λ2
+ r2cδijdx
idxj . (35)
Then, in the coordinate (τ, xi), we still directly consider the perturbation of the Brown-York
tensor, and repeat the previous procedures step by step. It is not difficult to obtain the data
of the Hamiltonian constraint,
tτ(1)τ = −2γ(0)ijtτ(1)itτ(1)j , (36)
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as well as one of Petrov-like boundary condition,
tk(1)j = 2γ
(0)kitτ(1)it
τ(1)
j − γ(0)ki(∂itτ(1)j + ∂jtτ(1)i) + t
(1)
2
δkj . (37)
Here we have used the corresponding result Bkj at the order of λ
0 to calculate out the above
relation (37). For the detailed calculation of Bkj , we will present it in Appendix B. Finally
we come to the momentum constraint which causes the incompressible condition
∂it
τi(1) = 0, (38)
and standard Navier-Stokes equation
∂τυj + υ
k∂kυj − ∂2υj + ∂jP = 0. (39)
Again, the identification relations for the velocity and pressure of dual fluid are the same
as the one in the previous section. It is easy to find that the same result for the ratio of
dynamical viscosity to entropy density can be still obtained.
V. SUMMARY AND DISCUSSION
In this paper, motivated by the previous works [24–26], we have further shown that treat-
ing the mass terms of the gravitational field as the effective energy-momentum tensor, the
near horizon dynamical behavior of the massive Einstein theories can be governed by the
incompressible Navier-Stokes equation on the boundary with one lower dimension via em-
ploying the Petrov-like boundary condition on such hypersurface in the nonrelativistic limit
as well as in the near horizon limit. In each explicit construction, keeping the induced met-
ric fixed and directly perturbing Brown-York tensors, the Petrov-like boundary condition
in these limits maps the perturbations into a dual constitutive relation on the embedded
hypersurface. Finally, with the use of the momentum constraint relation, the dual incom-
pressible Navier-Stokes equation can be derived successfully from the constitutive relation.
Furthermore, our calculation has shown that, for each model, the perturbation effect of the
massive term becomes a high order behavior in a dual fluid equation. In our setups, we have
concisely computed the ratio of dynamical viscosity to entropy density for the two massive
Einstein gravity theories, and found that they still saturate KSS bound. In our cases, The
results for the ratio of η
s
are consistent with that studied in [65], where the rate is always
equal to 1
4π
when the massive Gauss-Bonnet gravity reduces to the massive Einstein gravity.
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In the simplest massive gravity model, the behavior of η
s
in our paper is different from
the one in literature [67] where the KSS bound was violated. For this phenomenon, there
may be a reasonable interpretation that, in the holographic sense, the different boundary
conditions may be responsible for the different dual field theories. The Petrov-like boundary
condition on the hypersurface in our manuscript greatly distinguishes from the boundary
conditions in literature [67], where the boundary conditions were the Dirichlet boundary
condition and regularity on the horizon. As a result, there is a different behavior between
the ratio of η
s
arising from our manuscript and the one in the recent literature. For this
argument, it has been shown that the various boundary conditions indeed give rise to the
different behaviors of the dual field theory [30, 71]. Nevertheless, a deep understanding of
their relationships between these distinguishing results is still lacking.
There are some interesting challenges: under the nonrelativistic long-wavelength limit,
demanding the Dirichlet boundary condition and regularity on horizon or the Petrov-like
boundary condition, respectively, one can, in principle, derive the corresponding hydrody-
namical behaviors of massive gravity and transport coefficients on the finite cutoff surface.
Then these results may provide some important hints to bridge and understand the rela-
tionship between the ratio of η
s
in our paper and the one in literature [67]. The investigation
is under progress.
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Appendix
A. The energy-momentum tensor in the simplest massive gravity
In this appendix, we provide the detailed calculation to determine the effective energy-
momentum tensor and the physical quantities Bkj for the simplest massive Einstein gravity
system. From the definition of Kµν , it is not difficult to get all the nonzero components of
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this matric,
Kij = 1
r
δij . (40)
Then, using the metric in (9), we can find out the following relations:
Kij = rδij, (41)
trK = 2
r
. (42)
Thus, all the nontrivial components of the energy-momentum tensor are
Ttt = −
2m2α1
r
U, (43)
Ttr =
2m2α1
r
, (44)
Tij = m
2α1rδij. (45)
Using the relations of the above energy-momentum tensor, it is easy to find that
Ttαn
α = 0. (46)
Then, we straightforwardly obtain an important result from the background metric,
Tbαn
α = 0 (47)
where b = τ, i. Finally, making use of the equation of motion (7), the quantity Bkj reduces
to the following form:
Bkj = −(2m
2α1
rc
+ 3)δkj . (48)
B. The energy-momentum tensor in the general massive gravity
Similarly, we will explicitly give out the detailed calculations for the physical quantities
Tµν and B
k
j in the general pure massive gravity. Now let us start from the energy momentum
tensor (32) for this model. Combining all nonzero components of this matric Kij , namely
(40), with Eqs. (41) and (42), we can derive all the nontrivial components of the energy-
momentum tensor,
Ttt = −U [m2(
2α1
r
+
2α2
r2
)], (49)
Ttr = m
2(
2α1
r
+
2α2
r2
), (50)
Tij = m
2α1rδij . (51)
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Furthermore, we can read out
Bkj = [−3 −m2(2α1
rc
+
2α2
r2c
)]δkj , (52)
as well as
Tbαn
α = 0. (53)
C. The high order estimation for the effective energy-momentum tensor
Since the Navier-Stokes equation is produced by the momentum constraint in (23) at the
order of λ1, we must work out Tbµn
µ defined on near horizon boundary up to the order of λ1.
Therefore, taking the perturbation behavior of metric into account, we can formally express
the total metric as
g(t)µν = gµν + hµν , (54)
where gµν denotes the solution of the background spacetime above, and hµν the perturbation
part of metric in bulk. In the holographic realization of the fluid/gravity duality, one usually
requires that the gravitational perturbations on boundary do not change the behavior of the
induced metric. According to this requirement, we find that htr(rc) and hri(rc) on the near
horizon boundary can be present, while other components are vanishing. Note that we do
not turn on the component of hrr. Then, we perform the near horizon expansion for these
perturbational components in power of rc − rh, which turn out to be htr ∼ O(rc − rh),
hri ∼ O(rc − rh). After straightforward calculation, the quantity Tbµnµ for both models
turns out to be
Tτνn
ν = 0 +O(λ1) (55)
Tiνn
ν = 0 +O(λ3). (56)
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